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FILTRATION-DIFFUSION HEAT AND MASS TRANSFER 
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%tract-Luikov and Mikhailov’s mass- and heat-transfer equations for the porous bodies have been 
noditied to include the molar (hydrodynamic) heat and mass transfer. A problem dealing with the 
,ombined molar and molecular heat and mass transfer in a semi-infinite cylindrical porous body 
mder boundary conditions of the first kind (constant heat- and mass-transfer potentials on the surface) 
ias been studied neglecting heat conduction and mass diffusion in the axial direction. The equations 

have been solved by the use of Laplace and Hankel transforms. 

NOhlENCLATURE 

temperature [“Cl ; 
moisture content [g moisture/g dry 
matter]; 
radial co-ordinate [cm]; 
bounding surface radius [cm] ; 
axial co-ordinate [cm]; 
time [s]; 
thermal conductivity coefficient [Cal/cm 
s degC]; 
specific heat capacity of moist body 
[Cal/g degC1; 
density of absolutely dry matter [g/cm31 ; 
thermal diffusivity coefficient [ems/s]; 
moisture conductivity coefficient 
bw ; 
specific heat of evaporation [Cal/g]; 
thermal gradient coefficient [ l/degC] ; 
coefficient of moisture internal evapora- 
tion; 
uniform average velocity of the mois- 
ture (liquid or vapour) in the capillaries 
of the cylinder in the direction of z 
decreasing; 
Bessel function of the nth order and of 
first kind. 

1. IWI-RODUCI’ION 

AND MIKHAILOV [I] have considered the 
following system of equations of heat and mass 
transfer for analysing various problems in drying 
processes under different boundary conditions. 

;; = a w + (ep& 
&l - = a’W4 + a’8Crt aT 

(1) 

The above equations have been derived on the 
assumption of very slow diffusive motion of 
moisture in pores and capillaries in the body. The 
effect of this motion has therefore been neglected 
in comparison with the heat conduction and 
mass diffusion effects in the above derivation. 
However, if the capillary motion of the moisture 
in the body is also taken into account the above 
equations are modified as (6) and (7) below. 
With this modification we discuss a problem 
dealing with the simultaneous heat and mass 
transfer for a semi-Smite porous circular 
cylinder, under boundary conditions of the first 
kind neglecting the mass diffusion and heat 
conduction effects in the axial direction and con- 
sidering that the moisture (liquid or vapour) 
moves in the capillaries with a constant average 
velocity V, in the direction of z (current axial 
co-ordinate) decreasing. 

2. BASIC EQUATIONS 

The equation of Luikov and Mikbailov for 
mass diffusion in a porous medium [equation (2)] 
can be written as 

atl 
roz = - diV&ir 

567 



568 I. J. KL’>I.IR snd H. S. NXRXSG 

Where 3. THE PROBLEXI 

Jdi[ = - 17’ :JCj T’u - II’ ;/lj 5 Tf t-0 The problem to be treated here may be st:ttcd 

The above equation holds on the assumption 
as follo~vs : 

of very slow motion of moisture in pores and hloisture (liquid or vapour) is filtrated through 
capillaries in the body. If in body capillaries and a porous circular cylinder under the action of 
pores, not only mass diffusion but also hydro- hydrostatic pressure transporting along the 
dynamic motion of moisture (liquid or vapour) cylinder-axis. Filtration (molar) transfer of 
occurs at some average velocity L’ (C = const.) moisture and heat prevail over molecular truns- 
then differential mass-transfer equation \vill be fer (by mass diffusion and heat conduction) in 

where (Du,/Dr) = (Pu/&) + 1’ grad U, i.e. 
substantial derivative of U. 

the axial direction. The velocity of molar transfer 
is assumed constant and equal to Yz (constant). 
Determine non-stationary fields of moisture con- 
tent and temperature. 

hlathematically: 

(6) 

the 

In the same way we get the heat-transfer O<r<R t>O z>O 
equation 

Dt 
- = Cl vt + (c/J/c) ;;+ 

Initinl conditions 

DT (7) 11(1., -_, 0) = llU i 

f(l., -_, 0) = to j 

t The above equations (6) and (7) are similar to those 
of Luikov and Mikhailov describing heat and mass trans- Bow&t-y corditions 
fer in moving solutions. These equations are 

dt 
U(R, z, T) = 211 

-=uW-UDD~V’~UI 
di 

(a) t(R, =, T) = fl 

dpm .- 
dr 

= DT2p~o + oDG’r 

where d/d7 = Z/& - o grad. 

The above equations can be written as 

(b) 
u(r, 0, 7) = IlO 

t(r, 0, T) = to 

4. SOLUTION OF THE PROBLEAI 

‘i 
i 

(8) 

(9) 

(10) 

(11) 

(12) 

dt d, = (0 - o”X_1 D) y”r .- .i;lg (cl 
The finite Hankel transform of a function 

u(r, 2, T) is given by u*(s, 1, ;), Sneddon [2] 
dplo - = DVplo f oD’C;“t 

dT lfys, I, 
K. 

T) = J u(r, 1, 7) r Jo(n) dr (13) 
In this form the equations describe the heat and mass 0 

transfer in binary gas mixtures without sources (fi = 0). 
Reference A. V. LUIKOV and Y. A. MIKHAILOV, The0r.v of 

\vhere Jo is the Bessel function of first kind and of 

Energy andMass Transfer (Russian), 2nd ed., p. 48 (1963) 
zero order and s is the root of the characteristic 

and equations (2.1.86) and (2.1.87). It is seen that the equation 
only difference between the equations (c) and (d) and (6) Jo(Rs) = 0 (14) 
and (7) is the presence of a total derivative in the last 
term on the right-hand side of (c) instead of partial Multiplying the equations (8) and (9) throughout 
derivative occurring in (7). by rJo(rs) and integrating with respect to r taking 
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into consideration the conditions (1 I), the above d> 
equations give - -!- V&P - UIJ (R/s)J1(Rs) = 

dT 
au* 2u* 
z + Va a = a' Rs Jl(Rs) UL - a’ 9 U* f 

a’ RsJl(Rs) (q/p’) - a’ 9 ;;i f 

a’6 Rs Jl(Rs) (flip’) - a’ S s2p (20) 
f a’6 Rs Jl(Rs) tl - a’6 s2 I* (15) d? 

g-+ Vzg= aRsJl(Rs)tl - a$t*+ 

d-r 4 V, [p’p - to (Rls)J1(Rs)] = 

a Rs .I1 (Rs) (t~/p’) - a 9 tT + 

(EPIC) (du*/dT) (21) 
(16) with initial conditions 

The above equations are to be solved subject 1 

to the following conditions which have been 
7 = ; ; Jl(Rs) 

obtained by applying the finite Hankel transform > (22) 
to the initial conditions (10) and boundary con- 
ditions (12). 

7 = ; f J1(Rs) 
J 

U* = u; = UO( R/s) Jl(Rs) 

i 

c = 0 
Eliminating is between simultaneous differ- 

t* = t; = tl(R/s)Jl(Rs) z>O (1’) ential equations (20) and (21) we get a single 
second order equation 

u* = ~“0 = uo(R/s)J~(Rs) 

t* = t* 0 = to(R/s) Jl(Rs) 

In this problem it has been found convenient 
to apply the Laplace transform with respect to z 
instead of T. We define the Laplace transform of 
f(r, z, T) as f(r, p’, 7) where 

f(r, p’, T) = Tf(r, z, T) exp [- p’z] dz (19) 
0 

+(p’V,j a’s”-) (p’Vz f as?)] iF 

= p’V,?uo (R/s) Jl(Rs) + aa’Rs3 J~(Rs)(ul/p’) 

+ V, a’Rs Jl(Rs) ul 

+ Vta’ S RsJl(Rs)(tl - to) (23) 

Applying the above transform to equation (15) The solution of this equation admissible to the 

and (16), we get problem and satisfying the transformed initial 
conditions (22) is given below: 

N exp [- HT - p’ V, 7 - (42) d(A’ + B’p’)] p=A--- 
P’ \/(A + B’p’) 

- A [- p’Vt - H + 3 d(A’ + B’p’)] 
exp [- HT - p’ Vz~ - (t/2) d(A’ + B’p’)] 

v’(A’ + B’P’) 

uo R 
‘p” s -Jl(Rs) [- p’Vz - H f 4 &4’ + B’p’)] 

exp [- Hr - p’Vc - (~12) d(A’ + B’p’)] 

d(A’ + B’P’) 
(24) 

where 

Alp” + AZP’ + A3 

A =pf(Blp’2 + Bzp’ + B3) (25) 

A1 = V,z u. (R/s) Jl(Rs) 

A2 = V, [a’& 51 (Rs) UI +- a’6 Rs Jl(Rs) (tr - to) + aRs Jl(Rs) uo] 

(26) 

(27) 



I. J. KUXl,AR and’H. Si. NARANG 

A3 = m’ Rs”J1(Rs) 111 

B1 = V; 

B2 = V, (a + a’)$ 

B3 = na’s4 

w of applying the inversion theorem with respect 
to :. which is 

1 
(29) (34) 1 

J 

f(r, z, T) = kl:-/;(r, p’, 7) exp [- p’z] dp’ 

y-is 

N = a’ RSJl(RS) (111 - uo) 

f n’6 Rs JI (Rs) (11 - to) (30) 

A’ = s4 [(n - 0’)” + 2’6 (cp/c) (a f a’) 

+ (&p?/$)cI”? sq (31) 

B’ = 4 V, n’ 6 s2 ( E~/c) (32) 

also 

H = 3 (n f a’)$ + (1 EPIC) a’6s” (33) 

These substitutions have been effected for ease 

The inversion of the various terms in the right- 
hand side of equation (24) with respect to z is 
quite cumbersome and we refrain from explnin- 
ing the same in detail for the sake of brevity. 
It can be noted, however, that the inversion in 
respect of all the terms on the right-hand side of 
equation (24) excepting the first, has been effected 
by application of the convolution theorem 
Churchill [3]. As a result of the inversion with 
respect to z, it is found that the solution breaks 
into two parts, one valid for the region z < VG 
and the other for the region : > Vz; 

Ail9 + A.za + As f ..~_____ exp [az] f 
A$’ f A$ -i A3 

4, - 8) PC8 - a) 
exp [PI] 1 z < h 

where 

and 

u* (s, z, T) = & c Ala”+ Ata+ A3 Alp2 + A2P + 
exp bl + -- 

A3 

da - 4 
p(is _ aj exp lY=l + L I 

[As - (A1 WWI a + [A3 - (AI B3/Bl)] exp [~xl 

(a - F) 

’ -i- [Aa - (Al B2Ih)l B f [A3 - (Al B3/Bl)] exp -__ (B - a) [Bhl 1 1 
exp {[- (A’/B’) (3 - X - h)] - [T~B’/I~(z - h - /I)]] I dX I -~ 

\‘[nB’(z - h - h)] 

L i ’ 

F2 exp [ - HT] 
Ala2 + Aga + A3 

4, - P) exp WI + 
A# + A# f A3 

PO9 - Q> ev WI x * 
h 

1 

(35) 

+ (36) 
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exp (- (A’/B’) (I - X - h) - [~eB’/16(z - h - h)]) 
1/ [srB’(z - h - h)] 

dh + f uo (R/s) J1(WI x 

r-h 

(36) 

rE’ exp[- (A’/&) h - (reB’/16X)] 
exp [- HT] 4h * - J -&rB’h) 

dh - 1/2V;’ x 

0 

exp [- HT] 
* A3 SK &- 

Ala2 f A2a + A3 
exp WI + 

A# + A@ + A3 

ata - 8) tw - 4 ew WI 1 x 
h 

TB -- . 
4 (z - h - h) 

exp{-(A’/l3’)(.z-~-h)-[~2B’/16(z-~-h)]) do_ 

Ij[TrB’(z - h - h)] 1 
Z-h 

[HuO (R/s) Jl(Rs) f N] eXp [- Hd J exp [- A//B’ X - ilB’/16XldX 

\I(& Ii) 
0 

z>h J 

u(r, 2, T) can now be obtained from u*(s, _, 7 T) by the application of the inversion theorem for finite 
Hankel transform stated as 

2 
f (r, 2, 7) = j@ 

c 

Jo@ st) 
f*(S,z,T)--;i- Ji( Rsi) (37) 

where si are the roots of the equation (14). Eliminating 7 from equation (24) with the help of 
differential equation (20) and proceeding for 7 exactly as in the case of 2, we get on application 
of the Laplace inversion theorem with respect to z, two solutions valid for two regions z < h and 
z > h as below 

a’ &’ p = I c1a + c:! Cl8 t c2 - V, (a _ P) exp bl + (B _ aj ev [Bzl I -I- 
a’s2 A3 

-b+ 

Ala2 + A2a + A3 A@ 

V,? a@ - 8) 
exp [a4 + - 

+ A2B + A3 

PCs - 4 exp [Pzl 1 - a’Rs Jl(Rs) u1 - a’& Jl(Rs) tl z < h (38) 

where 

and 

Cl = Vz[a’ Rs Jl(Rs) (~1 - uo) + a’6 R.T Jl (Rs) (tl - to)] (3% 

C2 = aa’Rs3J1(Rs)(ul - UO) (40) 

- a’6$t*= ~+$(H2-~)-$a’s2H-a8s2N] eXp[-ffT] X 

r-h 

J exp [-(A//B’) h - (T2B’/ 16X)] 

d/(nE 4 
-dh+i(a’ss$+N)exp[-HT]x 

0 

r-h 

J TB’ exp [-(A’h/B’) - (~28’/16X)]~~ + 1 

4x’ d(rB’h) 
p 

I i 

B 
a’s2Vt + Q-HVZ eXp[-_Hs] x 

0 I (41) 
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’ si[ [AZ - (AdVBl)] a + [A3 - (A 1B3/B1)] e.up ,ax] [A? - (AlB.I/Bl)] ;3 f [A3 - (A$3/Bl)] 

(a - 18) 
i- 

(B - a) 
h 

expvh] 
I 

exp {- (A’/B’) (z - h - h) - [GB’/16(: - h - Iz)] >I 
x -~ d[?rB’(z - x - h)] 

(dh + 
, 

1 A’ , Ala2 + Ana + A3 
7 
v; 

a’s?H- H2fq 
a(a - 8) 

exp [ah] f 

h 

A$2 f A2fi f A3 

t?B - a) 

exp [PA] 

I 

x exp {- (A’/B’)(z - X-h)- [~eB’/16(:- X-h)])\ d,, _ 
+B’(z - x - /I)] J 

&exp[ - HT] J’[ iA2 - (AdWW a + LA3 - (A1&/Bl)] exp [ahl I 
z i (a - 8) 

[AZ - W?J&B + [A3 - (A1B3/&)1 exp [oh] 1 TB’ 

(P - a) 

x 

4(z - h - h) - 

exp {- (A//B’) (z - h - h) - [~~B/l6(z - X - h)]} 
I/[;rB’(z - x - h)] 

idh +$ b+Atae,-&?;T Aa 

exp [azl + 
A@ + A$ -i- A3 

809 - a) 
exp [Bzl 

I 

a’s2 
- 2~;~ exp [ - H-r1 x 

‘f A3 J[ ‘i q3+ 

Ala2+A2afA3 

a(a - P) 
exp [ah] f 

A@ + A2P -+ A3 

iscS - a) 
ev [PI 1 x 

h 

TB’ 

4(: - x - II) * 
exp{-(A’/B’)(z-~-~)-[+sB’/16(r-~--_)]}~~,d,,+ 

d[rB’(z - A - h)] i 

1 [A2 - (Ad2/B1)] a t [A3 - (A&/&) 
v, (a - 8) I exp bzl + 

[A2 - (AI&/&)] B f [A3 - (A1B3/&)] 

(P - a) 
exp [Pz] I - a’Rs Jl(Rs)ul - a’GRsJl(Rs)tl. 

-’ > I1 

The application of Hankel inversion theorem (37) to t*(s, z, T) gives 

G.9 ) 
2 Jo(w) 

i,T =- 
R2 c 

t*(f, I, T)- 
J:(Rsr) 

Sl 

(11) 

(42) 

5. RESULTS motion of the moisture in the capillaries of the 
In this paper the equations governing the com- porous body at a constant velocity. A problem 

bined heat and mass diffusion in a porous concerning the heat and mass transfer in a semi- 
medium have been considered taking into account i&rite porous circular cylinder has been 
the molar heat and mass transfer due to the studied under the boundary conditions of the 
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first kind, neglecting the axial conduction con- ACKNOWLEDCEJIENTS 

sidering that moisture moves in the capillaries The authors are extremely grateful to Prof. A. V. Luikov 

at a constant velocity Vz. As should be expected for his valuable criticism and helpful suggestions. 

it comes out that the solution breaks intb two, 
one applicable to each of the regions z < h and I. 
the other for z > h (h = Vz7). The region of 
interest from a practical point of view is one for 
which z is large. For this region the finite ** 
integrals occurring in the equations (36) and (41) 3, 
can be easiiy approximated. 
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Rbum&Les equations de transport de chaleur et de masse de Luikov et Mikhailov pour les corps 
poreux ont 86 modifiCes pour y inclure le transport de chaleur et de masse molaire (hydrodynamique). 
Un probleme traitant du transport de chaleur et de masse combine, molaire et mol&ulaire, dans un 
corps poreux cylindrique semi-infini avec des conditions aux limites de premiere espece (potentiels de 
transport de chaleur et de masse constants sur la surface) a et6 etudii en nigligeant la conduction de la 
chaleur et la diffusion de la masse dans la direction axiale. Les equations ont Ct6 rCsolues ;ir I’aide des 

transform&s de Lapiace et de Hankel. 

Zu~mmenf~~ung-Luikov’s und Mikhailov’s Staff- und W~rme~bertragun~g~ei~hung~n fiir 
poriise Kijrper wurden abgewandelt, urn den molaren (hydrodynamischen) Wirme- und Stoffiiber- 
gang mit einzuschliessen. Unter Vernachlassigung der WHrmeleitung und der Stoffdiffusion in 
axialer Richtung wurde ein Problem untersucht, das sich mit der Kombinierten der molaren und 
molekularen Warme- und Stoffiibertragung in einem halbunendliehen sylindrischen porasen Karper 
bei Grensschichtbedingungen erster Art (konstantes Wlrme- und Stoffiibertragungspotential an der 
OberflBche) befasst. Die Gleichungen wurden durch Verwendung von Laplace und Hankeltrans- 

formationen gel&t. 

i\~HOT~\q~l~-S;p3BHeHlraTe~~O-iI~l~CCO~@peHOC3B ~OpttCThtSTe;l3S,BbIBe;SeIfHMe %ttiOBbtX 
it Mtrxailaosbt~t, npeo6pa3oBattbt c y9eTox xonz4pHoro (rtr;fpo~tt~ta~rrt~tec~oro) nepeitoca 
Tema tr sewecrsa. PacotoTpeHa 3aJaqa 0 czto-xi~o~ somtpkro~t it ~ro;retiy;rRptto~t nepettoce 
TeXta it BeW?CTBa B ttOJtj%eCtiOHeYHOX ttOpHCTOM LWtltH3pe tIpIt ~paHtl'fHbtX ?JC;IOBWtS 
ttepBOr0 pO;ra(llOCTOFWtHbte ttOTeHtJCta,?btTettJtO-it MXCOIlepeHOCa Ha tIOBepSHOCTt1) 083 y'4eTa 
TetL7OttpOBO;rHOCTM II Jtt@$y3Lttt BeWeCTBa B OCeBOM HWpaBJtettHit. ~paBHeHW4 petIteHId C 

no>totqbro ttpeo6pasosaaMt Zartaaca ct Sawiem. 

H.&l.-20 


